We study the finite size spectrum of integrable quantum chains of interacting non-Abelian anyons constructed using the Drinfeld double of the dihedral group D 3 . The gapless low energy modes are identified as the direct product of two conformal field theories which can be decomposed according to the residual symmetries of the chains subject to periodic boundary conditions.
Ground state degeneracies in a many particle system may be an indication for the presence of topological order without a local order parameter. Well known examples for such topological quantum liquids are the fractional Hall states [1] . Another class of systems where transitions between quantum phases driven by topology have been proposed are twodimensional frustrated quantum magnets [2] [3] [4] . Possible realizations for these spin-liquid states are certain Iridium compounds [5] . As a first step towards the characterization of the different phases in a given model the quasi-particles of the corresponding theory need to be identified. In a (2 + 1) topological quantum liquid these collective excitations can be described as defects in a planar gauge theory in a broken symmetry phase with finite residual gauge group H [6] : the quasi-particles in these systems are irreducible representa- manifold. The fact that these non-Abelian anyons are protected by their topological charge makes them potentially interesting as resources for quantum computation [7, 8] .
This picture provides a framework for the investigation of topological phases and quantum phase transitions [9] : Microscopic lattice models satisfying these constraints have been obtained for the non-Abelian degrees of freedom in su(2) k Chern Simons theories, e.g. Ising [4] and Fibonacci anyons [10, 11] . Local interactions between these objects can be varied to favour certain fusion channels. This allows to explore the phase diagram of these systems and to study their critical properties near quantum phase transitions. This approach works particularly well for quasi one-dimensional anyonic models such as chains or ladders where powerful numerical and analytical methods are available: at the quantum phase transition the low energy effective theory of these systems is expected to be a conformal field theory (CFT) and the universality class is determined by the central charge of the underlying Virasoro algebra. At the same time anyonic chains can be seen as realizations for the in-terface between phases with different topological order [12] [13] [14] [15] and the CFT determines the properties of gapless edge modes propagating along these interfaces.
In this letter we study the critical behaviour of a system of interacting anyons within an integrable quantum chain model which is constructed directly using the algebraic structure of the gauge theory with the dihedral group of order 6 as its gauge group, i.e. the Drinfeld double D(D 3 ). The general representations of the Drinfeld doubles of finite group algebras are well known [16] : for D(D 3 ) one has two one-dimensional irreducible representations π 
In terms of the projection operators on irreps [20] appearing in the tensor product π
the local hamiltonian can be expressed as
The operator h (2) = P h (1) P = h (1) * can be obtained either by a permutation P of the spins on the neighbouring sites or by complex conjugation: with the exception of p ⊗L can be decomposed into a sum of one-and two-dimensional irreps for even L (as in Eq. (2) for L = 2). For the periodic chain (1) only a partial decomposition of the Hilbert space is possible. Below we shall use this fact to assign states to (sums of) irreps π
. For odd L only the three-dimensional irreps π ± 3 appear in the tensor product (π
⊗L . In the spectrum of the periodic chain these irreps cannot be separated but we find a connection between the eigenstates and their transformation properties under the residual D 3 symmetry, namely the action of the rotation σ.
For the analysis of the spectrum of the quantum chain (1) we use the property that its hamiltonian can be split into two commuting ones with identical spectra: as a consequence of the decomposition (2) the local hamiltonians h (1,2) commute as do the global ones (1),
i,i+1 are related by a spatial inversion and have the same eigenvalues albeit with opposite momentum. These properties can be traced back to the underlying two parameter transfer matrix of this model and its symmetries [19, 21] . The eigenvalues of
solving the Bethe equations (j = 1, . . . , L):
The spectrum of the quantum chain (1) is given by pairs of solutions to these equations corresponding to energies E (α,β) (θ) = cos θ E(X α ) + sin θ E(X β ) and, similarly, momenta
, provided that the combination (α, β) satisfies the pairing rules discussed below.
In the thermodynamic limit, L → ∞, all finite solutions of Eqs. (4) can be grouped into three types of so-called strings [19, 22] : ±-strings correspond to solutions Im(x j ) = 0, π and 2-strings are complex conjugate pairs of rapidities x j,± =x j ± i2π/3 with real centerx j .
For finite chains this classification continues to work very well for the ground states and low energy excitations of ±H 0 . At higher energies the 2-strings become deformed, i.e. have an imaginary part different from ±2π/3. We have numerically diagonalized the transfer matrix for chains of up to L = 10 sites and found that (taking into account this deformation) all eigenstates can be classified this way: denoting the number of string solutions by N ± , N 2 we find N + + N − + 2N 2 = L − n +∞ − n −∞ where n ±∞ ∈ {0, 1} is the number of Bethe roots at x = ±∞. We also find that there exist only 4 · 3 
the scaling dimensions X = h +h and conformal spins s = h −h of the primary fields in the theory can be determined (n,n are non-negative integers).
For H π the product v F,π c had been determined to be 12/5 previously [19] . Using Bethe ansatz methods and comparing the observed structure of the low energy spectrum with (5) we find the Fermi velocity for this sector to be v F,π = 3. Hence the central charge of the effective field theory for the low energy degrees of freedom in H π is c = 4/5: this sector of the model is in the universality class of the minimal model M (5, 6) , the conformal weights h,h of the primary fields can take the rational values from the Kac table h pq = ((6p −5q) 2 −1)/120,
The operator content of a given realization of the CFT is constrained further by modular invariance of the partition function, locality of the physical fields and boundary conditions [24, 25] .
In Tables I, II we Note that in spite of the appearance of fields Φ(h,h) with conformal spin s = h − h / ∈ Z/2 physical operators in the theory are local: they are direct products of primary fields Φ(h α ,h α ) Φ(h β ,h β ) * in one-to-one correspondence to the energy levels E (α,β) of (1).
Momentum and spin of a physical state are given by the difference between that of its two components. From our numerical analysis of the spectrum we find that only operators in Refs. [27] [28] [29] [30] the lowest finite size energy gaps are found to be
For the lattice model the numbers ∆N ± are related to the change in the number of ±-strings as compared to the ground state, i.e. take values ∓L/4 (mod 1). They are further constrained by the fact that the total number of Bethe roots has to be L. Q ± can take values
(n +∞ − n −∞ ) (mod 1). We can determine the Fermi velocity of low lying excitations in this sector as before finding v F,0 = 3/2. Therefore the effective field theory for this part of the spectrum is a CFT with central charge c = 1. The field content of the theory is obtained from the finite size spectrum (6) subject to the constraints mentioned. It Table I .
0.166667 ( can be identified with that of a Z 4 parafermionic theory [31, 32] , see Tables III, IV and V. In particular, the finite size gap of the lowest states for ℓ = L (mod 4) = 0 is determined by an (anti-)chiral Z k=4 spin field with conformal weight h ℓ = ℓ(k − ℓ)/(2k(k + 2)). energy spectrum than those appearing in the off-diagonal modular invariants for the minimal model M (5, 6) or the Z 4 parafermionic model alone [24, 25, 32] . To facilitate the explicit construction of the new invariants appearing in the partition function of the quantum chain
(1) and the related D(D n ) models [21] the spectral analysis can be extended to different boundary conditions. In the context of two dimensional systems showing quantum phase transitions between phases with different topological order, studies of these more general models will be useful to obtain a CFT description of boundaries supporting several edge modes and their relation to the non-Abelian bulk degrees of freedom.
Finally, we note that for the integrable cases of braided boundaries or free ends [19] the full D(D n ) symmetry is restored and the models are equivalent to those obtained in the anyon formulation based on a fusion path along the chain. This equivalence can be used
